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ABSTRACT

Plumes in a convective flow, whose flow structure is localised in space and time, are considered to be relevant to the turbulent
transport in convection. The effective mass, momentum, and heat transports in the convective turbulence are investigated in the
framework of time—space double averaging procedure, where a field quantity is decomposed into three parts: the spatiotemporal
mean (spatial average of the time-averaged) field, the dispersion or coherent fluctuation (deviation from the spatiotemporal mean),
and the random or incoherent fluctuation. With this double-averaging framework, turbulent correlations such as the Reynolds
stress, turbulent mass flux, turbulent internal-energy flux, etc., in the mean-field equations are divided into the dispersion/coherent
correlation part and the random/incoherent correlation part. The evolution equations of these two parts of the correlation show
what are responsible for the conversion of the fluctuation energy between the coherent and incoherent components. By reckoning
the plume as the coherent fluctuation, a transport model for the convective turbulence is constructed with the aid of the non-
equilibrium effect along plume motions, and applied to a stellar convective flow. One of the prominent characteristics of a surface
cooling-driven convection, the enhanced and localised turbulent mass flux below the surface layer, which cannot be reproduced
at all by the usual eddy-diffusivity model with mixing length theory (MLT), is well reproduced by the present model with the
non-equilibrium effect. Our results show that the incorporation of plume motion into turbulent transport model through the
non-equilibrium effect is an important and very relevant extension of mean-field theory beyond the heuristic gradient transport

model with MLT.
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1 INTRODUCTION

Fluid motions in the stellar convection zone and the planetary atmo-
sphere are convective turbulence driven by a buoyancy force associ-
ated with temperature gradient and/or stratified density. Convection
in stellar interior is vigorously turbulent, and plays a crucial role in
the energy transport and the magnetic-field generation (dynamos)
in the star. Theoretical analysis and modelling of the convective
turbulence are indispensable for our deeper understanding of the as-
trophysical and geophysical flow phenomena. In convective flows,
persistent flow structures are ubiquitously observed in local domains
in space and time. Jets, plumes, and thermals (plumes are jets driven
by buoyancy only, and thermals denote suddenly released buoyant
elements mainly in meteorological context) are typical examples of
such persistent flow structures. Plumes play a key role in determining
the effective transport of the mass, momentum, heat in convective
turbulence. For modelling the plume effects, it is known that the en-
trainment assumptions (or equivalent similarity arguments) can be
used (Turner 1973; Linden 2000).

In the stellar convection studies, it was recognised that a strong
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downward directed flow plays a key role in dynamics and turbulent
transports. Reviewing the experimental and numerical results, it was
pointed out that the observed patterns in the stellar convection is
dominantly determined by the cooling at the surface (Spruit 1997).
The downward diving plumes, originated at the cooling surface layer,
are able to reach the bottom of the convection zone and to contribute
to turbulent transport (Rieutord & Zahn 1995). To construct an elab-
orated model of stellar convective flow, the effects of diving plumes
should be properly taken into account beyond the hydrostatic pres-
sure distribution and the simple velocity-proportional entrainment
assumption (Rast 1998).

In the mean-field turbulence model, the evolutions of mean fields
are determined by the effective transport represented by the turbu-
lent fluxes such as the turbulent mass flux, the Reynolds stress, the
turbulent heat flux, etc. Traditionally, mixing-length theory (MLT)
has been employed for describing the convective energy transport
in the interior of stars. In the traditional model, the turbulent fluxes
are approximated by the gradient-diffusion-type formula with MLT
model for the transport coefficients (Bohm-Vitense 1958; Stix 2002).
Numerical simulations of stellar convection revealed that the mean-
field turbulence models with MLT need to be modified or replaced
by a more elaborated formulation including the turbulent cascade by
Kolmogorov theory and chaotic behaviour of an integral scale roll
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of Lorenz (Arnett, et al. 2015). In particular, the non-local transport
mechanisms associated with plumes should be implemented into the
turbulence model (Murphy & Meakin 2011; Brandenburg 2016). In
addition, it was pointed out that the mixing by the downdraft motions
driven immediately below the surface of radiative cooling is much
more effective than the counterpart by the flux due to the weakly
super-adiabatically driven gradient diffusion across the whole con-
vection zone (Cossette & Rast 2016), although recent numerical sim-
ulations from base to surface suggest another interpretation (Hotta,
Iijima & Kusano 2019). Beyond the simplest gradient-transport-type
models, a transport model incorporating the effects of plumes as
coherent structures should be constructed (Brandenburg 2016). At
the same time, as long as the values of the physical parameters in
a numerical simulation are far from the realistic ones in the stellar
convective turbulence, the interpretation of the simulation results
should be done with caution. For example, a recent numerical simu-
lation has revealed a strong dependence of convective overshooting
and energy flux on the molecular Prandtl number (Kipyld 2021). In
this sense, convection in the Sun is quite different from that obtained
from simulations in which Pr ~ 1.

Because of the vast range of scales that must be included, direct
numerical simulation of stellar convective flow is simply impossi-
ble in the foreseeable future, even using sophisticated algorithms
optimised for massively parallel computers. For this reason, devel-
oping sophisticated theories and modelling of realistic turbulence
is indispensable for the study of stellar convection. A possible way
to alleviate the drawback of a turbulence model using the usual
gradient-diffusion approximation is to modify the model by incor-
porating the non-equilibrium effect into the expressions for the tur-
bulent fluxes. The presentation of the non-equilibrium effect may
take on various aspects. Beyond the entrainment assumptions, the
non-equilibrium or time-dependent effect has been needed in mod-
elling cloud dynamics in a non-uniform environment [for exam-
ple, see Chap. 6 in Turner (1973)]. Here in this work, we focus
our arguments on the non-equilibrium effect associated with varia-
tions of turbulence along the advective motion (Yoshizawa 1994).
In the presence of non-equilibrium variation of the turbulent en-
ergy and its dissipation rate, the time and length scales of the tur-
bulence are altered. Such non-equilibrium properties of turbulence
should affect the model expression of the turbulent transport. As the
multiple-scale direct-interaction approximation, an analytical the-
ory for strongly non-linear and inhomogeneous turbulence, shows,
the gradient-diffusion-type model for the turbulent fluxes is closely
linked to the equilibrium property of turbulence statistics. Inclusion
of the non-equilibrium properties of turbulence statistics leads to a
deviation from the gradient-diffusion-type model for the turbulent
transports (see later in § 5.1). Since the non-equilibrium effect stems
from the variation of the turbulent statistics along the advective mo-
tion, some kind of convective flows such as jets, thermals, and plumes
can be argued in the context of the non-equilibrium effect. This non-
equilibrium property of the coherent jets and plumes in laboratory
experiments has been recently discussed.

However, we face some difficulty in applying the non-equilibrium
effect formulation to convective turbulent flows. In the simplest for-
mulation of the non-equilibrium effect, the effect is represented by the
material derivative based on the mean velocity, D/Dt = 9/9t+U-V
(U: mean velocity). In the case of the closed-domain convective mo-
tions such as the flow in stellar convection zone and the Rayleigh—
Bénard convection, which have been studied in detail in experimental
and numerical manners, the mean velocity under the simple ensemble
averaging or space averaging over the horizontal surface in the homo-
geneous directions will vanish (U = 0) because of the cancellation
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of the flow velocities that are statistically symmetric in the averaging
domain. These spatiotemporal structures (plumes, convective flows,
jets, etc.) certainly exist locally in time and space, but will disappear
under a simple averaging procedure such as the ensemble, space and
time averaging. In the sense that the average is zero, these flow struc-
tures belong to the fluctuation, but should be treated as the coherent
or structural component of the fluctuation. For the purpose of in-
corporating the plume effects into a turbulence model for convective
flows, we adopt a time—space double averaging method, a formula-
tion that can contrast the coherent/structural fluctuation component
with the incoherent/random fluctuation one.

This formulation is to be applied to a flow configuration relevant
to stellar convection. If the convective motion is cooling-driven at the
near surface layer, the turbulent transport is dominated by the cool
diving plume. As will be shown in § 6, the property of turbulence
transport in the non-local convection vigorously driven by cooling
at the surface is fairly different from the one in the local convection
driven by weakly superadiabatic ambient state across the full depth.
For instance, the turbulent mass flux (p’u’) is much larger in the
cooling-driven case with relatively concentrated in the shallow re-
gion (p’: density fluctuation, u’: velocity fluctuation, (- - - ): mean or
averaging). As mentioned above, unlike the turbulent transport in the
weakly superadiabatic throughout the convection zone case (the local
transport case), the turbulent transport in the cooling-driven convec-
tion case (non-local transport case) cannot be properly described by
the gradient-transport type model, and the turbulence model based
on a simple mixing-length theory (MLT) should be modified for
the cooling-driven convection (Cossette & Rast 2016; Brandenburg
2016). We implement the non-equilibrium effect into the convec-
tion turbulence model in the framework of the time—space double
averaging, and apply this model to the cooling-driven convection.

The organisation of this paper is as follows. The fundamental
equations as well as the mean-field equations with several turbulent
fluxes are presented in § 2. After presenting the basic notions of the
double-averaging procedure and its property in § 3, the evolution
equations of some turbulence correlations and energies are given in
§ 4, with special emphasis on the interaction between the coherent
and incoherent fluctuation motions. In order to incorporate the non-
equilibrium effect into the stellar convection model, in § 5, the plume
effects are viewed from the double-averaging procedure. The model
structure in the double-averaging methodology is also examined. In
§6, the model is applied to a flow configuration relevant to the stellar
convection to describe the spatial distribution of the turbulent mass
flux in the local and non-local convection cases. Conclusions are
presented in § 7.

2 FUNDAMENTAL EQUATIONS AND TURBULENT
CORRELATIONS

The system of equations for the compressible hydrodynamic flow
with the external force included can be written as

P45 - (pw) =0, ()
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where p is the density, u the velocity, p the pressure, e the internal
energy, u the viscosity, n the thermal diffusivity, s*/ the deviatoric
or traceless part of the velocity strain defined by
o out 2 -
sl = 28 O 2y st @)
oxt  oxJ 3

In (2), fex is the external force. In the buoyantly convective flow, we
consider the force of gravity for fex:

fex = pg, ()

where g is the acceleration due to gravity. In (3), ¢ is the dissipation
function that represents the conversion of the kinetic energy to heat
through the viscosity effect:

i

¢ = us' FTk (6)

and ¢ is the internal energy source/sink term.
The pressure p is related to the temperature 6 and the internal
energy e as

P =Rpb=(y-1)pe, N
where
e=Cy(0)6. 3

Here, Cy is the specific heat at constant volume, R is the gas constant,
and v is the ratio of Cp (the specific heat at constant pressure) to
Cy.

We first adopt the simple decomposition of a field quantity f into
the mean {f)(= F) and the fluctuation around it, f’, as

f=F+f'. F=(f) )
with

f= (p’u’p’e79)s (IOa)
F=(p),U,P,E,0), (10b)
fr=" ', pe,0) (10c)

({-): ensemble average or space average in the homogeneous direc-
tions). Under this decomposition, the mean-field equations are given
as
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where S/ in (12) is the mean-velocity counterpart of the strain rate
(4), defined by
1
sii = LU 24 i, (14)
oxt  oxJ 3

The turbulent correlations in (11)-(13), the turbulent mass flux
(p’w’), the Reynolds stress (u’’u’J), the turbulent internal-energy
flux (e’u’), etc. are the most important quantities, which determine
the transport in the mean-field equations due to turbulence. The
expressions of these turbulent fluxes should be obtained from the
equations of the fluctuating density p’, velocity u’” and internal energy
e’. The fluctuation-field equations are given as

aapl, +(U-V)p +V-(p0)+{p)V-u’
=—(u-V){p)-p'V-U+R,, (15)
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where 5’4/ is the strain rate of the fluctuating velocity defined by

rj 70 .
J ol 0w 29wt (18)
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Here, Ry, Ry, and R, represent the residual terms consisting of the
turbulent correlations like {p’u’), (u’*u’7), (¢’u’), etc. and higher-
order correlations. The details of the residual terms are suppressed
here since they do not contribute to the later discussion on the gen-
eration mechanisms of fluctuations.

With the aid of the two-scale direct-interaction approximation (TS-
DIA), a multiple-scale renormalisation perturbation expansion, the
turbulent correlations are expressed in terms of the spectral and re-
sponse functions of turbulence (Yoshizawa 1984; Yokoi 2020). The
analytical expressions of the turbulent correlations, and the corre-
sponding model expressions based on the theory are given in (A4)-
(A8) in Appendix A [the hydrodynamic limit of Yokoi (2018a,b)].

In the turbulence modelling approach, turbulent transport coeffi-
cients in (A4)-(A8), such as the eddy viscosity v, turbulent diffusiv-
ity kp, turbulent internal-energy diffusivity ng, etc., should reflect
the statistical properties of the turbulence in consideration. In a self-
consistent turbulence model, where the mean and turbulent fields
are simultaneously and consistently determined by the nonlinear dy-
namics of turbulent flow without resorting to externally determined
transport coefficients, the expressions of the transport coefficients
have to be expressed in terms of a few statistical quantities that
properly represent the nonlinear dynamics of turbulence. A possible
way to choose such turbulent statistical quantities in compressible
turbulent flows is choosing the turbulent energy (per mass) K, its
dissipation rate &, and the density variance K,,. They are defined by

i
Slj

K = (u'?)/2, (19)
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- v<%s'ij>, 20)
Kp = (p"). @1

The evolution equations of these turbulent statistical quantities are
obtained from the equations of the fluctuating fields (15)-(17). The
evolution equations of K, &, and K, are given in (A1)-(A3) in Ap-
pendix A.

3 AVERAGING METHODS
3.1 Conditional averaging

There are several ways to extract the local spatiotemporal structures
from the random fluctuations. The conditional averaging procedure
is one of such ways. For example in the turbulent boundary-layer
study, we consider the streamwise and wall-normal velocity fluctu-
ation components, u’ and v’, and divide the whole value domain
of fluctuations into the four quadrants depending on the signs of
(u',v') = (+,4), (-, 4), (-, -), (+,-), and examine the statistical
properties in each quadrant. For example, the motions belonging to
the quadrant (+,+) (or (—, —)) represents an event at which the tur-
bulent flow is moving along (or opposite to) the streamwise direction
with departing (approaching) from the wall. In this sense, the statis-
tics based on the four quadrants should correspond to a conditional
averaging linked to the type of events, such as the bursting, sweeping,
etc. in the turbulent boundary layer [see Walles (2013) and references
cited therein]. For the convective turbulence with plumes, a condi-
tional averaging within the four quadrants based on the combination
of the vertical component of the velocity fluctuation, w’, and the tem-
perature fluctuation 8’, (w’, 8”) is possible. In this case, for example,
the motions with (w’,0”) = (+,+) represents an ascending plume
with being heated, and (—, —) does a descending plume with being
cooled.

3.2 Double averaging method

Another way to represent the coherent and incoherent fluctuations is
to adopt a double-averaging methodology (Finnigan & Shaw 2008;
Pokrajac, McEwan & Nikora 2008; Dey 2014; Dey, Paul & Padhi
2020). We regard convection plumes as a turbulent coherent fluctua-
tion, and investigate the properties of the fluctuations. There are sev-
eral types of the double averaging method. The representative double-
averaging procedure is the double filtering ubiquitously adopted in
the data processing and the large-eddy simulations (LESs) of turbu-
lent flows. By a sequential application of two or more filters with
varied filtering levels (in frequency or length scale) to the raw data,
slowly varying fluctuating motions are extracted from the fast varying
fluctuating ones (Sagaut, Deck & Terracol 2006).

In this work, we consider a combination of the time and space
averaging. Depending on the sequential order of time and space
averaging, there are two ways of the time and space double averaging
method: (i) the time—space averaging, where the spatial averaging is
taken to the already temporary-averaged variables; and (ii) the space—
time averaging, where the temporal averaging is taken to the already
spatial averaged variables. The first one, the time—space averaging is
more appropriate for the purpose of extracting the plume structures.
We first take the temporal average over a time period during which
a plume persistently exists, then perform the space average of the
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already time-averaged quantities. We further assume that the space
averaging provide a surrogate of the ensemble averaging.
As for the time average, the usual time average defined by

_ 1 rT
7= lim = /0 Fesydt 22)

is not suitable at all for detecting the plume structure since their
structures are smeared out during the long averaging time 7 — oo.
In order to catch a plume structure, which is local in time and space,
we adopt a time filter defined by

_ 1 t+T /2
Fwn=g [ s, 23)
T Ji-r)2
Here, as for the appropriate averaging time 7', we adopt a time which
is much longer than the eddy turn-over time of turbulence, 7, and
much shorter than the time scale of the mean-field evolution, Z, as

T<T < E. (24)

Of course, all the statistics depend on the value of the averaging
time 7. It is difficult to determine the averaging time 7 in a general
manner. Here, we adopt T which is similar to the plume lifetime
(time of the persistent presence of a plume). The eddy turn-over time
of the turbulence t and the time scale of the mean-field evolution &
are determined by the density scale height, intensity of turbulence,
the depth of the convection zone, etc. It is expected to be possible to
define an averaging time that satisfies the condition (24).
On the other hand, as for the space averaging, we consider

1
(=55 [ Fnas ©3)

Here AS is the area of the averaging surface, which is spanned by
the homogeneous directions. In case the statistical quantity is in-
homogeneous in the vertical or z direction, and homogeneous in
the horizontal or x-y directions, we put AS = AxAy and the space
averaging is defined with the horizontal averaging as

1
(FH(z:0) = Ax—Ay/Sf(x,y,z;t)dxdy (26)

In this work, the statistical quantities are assumed to be homogeneous
in the horizontal surface, and the horizontal averaging is regarded as
a surrogate of the ensemble averaging.

We adopt the time—space double averaging methodology. In this
procedure, we first take the time average of a physical quantity f and
denote it as 7 Then we take the space average of the time averaged
quantity and denote it as (). With this double-averaging procedure,
a field quantity f is decomposed into

f=h+f+r @7
where f is defined by
F=r-. (28)

It is often called the dispersion in analogy with the wave decompo-
sition procedure. If we rewrite this in the form of

=N+ (29)
we see that a time averaged quantity 7 is divided into the space aver-
aged part (f) and the deviation from the space average, f. Namely,
f represents the part of a time-averaged quantity N deviating from
the space average (?), and f”’ represents the deviation from the time
average f. On the other hand, from the viewpoint of the space aver-
aging, both f and f”’ are treated as the fluctuations. The fluctuation
in the space averaging procedure, f’, is divided into f and f*’ as

fr=Fs (30)
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In other words, f represents the persistent or coherent part of the
spatial fluctuations f’, while f’/ is the random or incoherent coun-
terpart.

Of course, in order to distinguish the coherent fluctuation from the
incoherent one, it is required to use much more elaborated mathe-
matical tools. In the wavelet analysis of turbulence, a velocity field
is decomposed on the basis of scaling functions and wavelets of dif-
ferent families are often applied. The part of fluctuation is called
coherent if it is expressed in terms of such an expansion, and inco-
herent otherwise (Farge, ef al. 2003; Goldstein & Vasilyev 2004).
The notion of coherency does not directly correspond to the usual
decomposition between the large and small scales. Coherent motions
exist even at small scales, and random motions are observed even at
large scales. In this work, however, we do not delve into such detailed
formulations of coherency, but denote f as the coherent fluctuation
and f”" as the incoherent fluctuation in the present time—space double
averaging procedure.

3.3 Relations of time and space averaging

In the present work, we assume the following relations among the
time and space averaging:

= T=7 Gla)
(fy=0, (fr=0, (f")=0, f7=0, (31b)
Fr= = (310)
() = (F)e) Tg=T8. 3ld)
7% = FN@) = (N)8). (3le)
(Fg"y=0, (f"&) =0, 31f)
fg=73. fs"=0. (3lg)

Among these relations, (31a) is an assumption that the space and
time averaging satisfies the Reynolds rule. Since time averaging (23)
contains information of the past time during the averaging period

T, so strictly speaking, we have f # f for a finite T. However, we

approximate that £ = f. Relation (31c) implies that both the space
averaging of the already time-averaged, (?>, and the time averaging of
the already space-averaged, m, are equivalent to the space averaged
one (f). This is a consequence of the fact that the time averaging and
space averaging are defined independently. Relation (31g) is derived
from (31a) and (31c¢) as

fe (f-(Me=re-(NHe=rfz-(NHg
(f-(Mg=rg (32
These relations (31) are fully utilised in deriving the evolution equa-
tions of the turbulent correlations in § 4.
We adopt the time—space double averaging procedure. In this

framework, a dispersion f belongs to the averaged field 7(: (?) +£)
in the time-averaging sense, while it belongs to a fluctuation field

z Local model Non-local model
B mg=1.495 mg=1.495
? Surface layer Superadiabatic
@i m; = 1.495 m;=1.5
Lower layer d | Superadiabatic Subadiabatic

(Marginally stable)

Zb

Figure 1. Coherency diagram of the time-space double averaging method.
On the basis of the decomposition (33): f = (f )+ f + f”, the fluctuation in
the space averaging f’ is decomposed into the coherent/dispersion and inco-
herent/random fluctuations, and the time-averaged component is divided into
the space-averaged or mean component {f ) and the dispersion or deviation
from it, f .

f'(= f+ f") and represents the coherent components of fluctua-
tions in the space-averaging sense. In order to see the structure of the
turbulence model we adopted in this work, we present a diagram sim-
ilar to the coherency diagram first introduced by Goldstein & Vasi-
lyev (2004). In the original coherency diagram argument, thanks to
the double decomposition according to the scale and the coherency,
several types of simulations, including the pure direct numerical
simulation (DNS), wavelet DNS, coherent vortex simulation (CVS),
stochastic coherent adaptive large-eddy simulation (SCALES), can
be distinguished (Goldstein & Vasilyev 2004; Sagaut, Deck & Ter-
racol 2006). In the context of the present double-averaging method,
this diagram illustrates the relationship among the field quantities
decomposed as (27), with showing the separation between the coher-
ent and incoherent fields, and that between the space-averaged mean
fields and the residual fluctuation fields (Fig. 1).

In the present work, a time-averaged quantity f is divided into
its space-averaged part (f) and its deviation or dispersion part f(=
F = {f)). The space averaging of the incoherent fluctuation vanishes
by definition. This can be seen from (31) as (f”/) = (f — f) =
(f) = (f) = 0. The criterion for separating the coherent component
from incoherent one depends on the averaging time 7 in (23). If we
set the averaging time T sufficiently large (e.g., much larger than the
lifetime of the characteristic coherent fluctuation such as a plume),
the coherent motions are smeared out and the portion of the coherent
component is reduced. This situation is not suitable for properly
describing the effects of plume motions, which is one of the essential
ingredients of convective flow.

In summary, with the time—space averaging procedure, a field
quantity f is decomposed as

f
P e N
=M+ F o+ (33)
—— ——
fF=N =7
coherent incoherent
fluctuation fluctuation
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4 EVOLUTION EQUATIONS OF TURBULENCE
CORRELATIONS

The evolution equations of the coherent and incoherent components
of the Reynolds stress are given by

o . P . 9Tt
(E+<u>€ )< igly = Pl + 117 — g7 4 7
—— i ——— 0t/
+<u”£u”1§>+<u”[u”‘§>, (34)
0 £ 0 i 1j\ _ prrij 1mij 1mij aTNijf
(E+(u> W)(M u >—P +1I1 —-& +7
—— 9ii! —— Ot/
— <u//{’u//j (9;:[> _ <u”€u’” a;tf > . (35)

Here, P/, TIV/, and 8T/ /dxt are the production, re-distribution,
dissipation, and transport rates of the coherent Reynolds stress
(@al), respectively, and P"’%J, T1”7J | &'''J and 0T/t [9x? are
the counterparts for the incoherent Reynolds stress (u”’ u’’J). They
are in a similar form as the counterparts in the equation of the usual
Reynolds stress (u’'u’7). The detailed expressions of these terms are
given in Appendix B. In contrast, the final two terms in (34) and
(35) are ones newly appeared in the time—space averaging procedure.
Firstly, in the presence of inhomogeneous dispersion velocity, Vi,
coupled with the dispersion of the Reynolds stress u”u” [defined
by (B4)], the coherent and incoherent Reynolds stresses, (@iti) and
(u”’u’"), can be produced or reduced. This is an interesting point.
The presence of a localised plume structure itself interacts with the
dynamics and statistics of the coherent and incoherent fluctuations.
Secondly, the final two terms in (34):

Jopp —— 3’ —— 9/
Pl'/ =+ u"(')u”f—> + <ullfulll_>’ 36
< axt axt (36)
and the final two terms in (35):
Puij =_ <u//€u//j6_ﬁl> _ <u//{’u//1 ol > _f)i]' 37
ox?t oxt

are exactly the same but with the opposite sign. This means that
neither = {#£} nor P”" = {P’"7} will contribute to the evolution
of the total Reynolds stress (u’u’), but they will contribute to the
transfer between the coherent and incoherent components, (@) and
(w’u’”’). In the case of a positive (or negative) P, the coherent
component of the Reynolds stress, (iiil), is increased (or decreased)
while the incoherent counterpart (u’’u’’) is decreased (or increased).

Taking the contraction of i and j in (34) and (35), we obtain the
evolution equations of the coherent and incoherent components of
the turbulent fluctuation energy as

97l
(;f <>" )<%ﬁz>:P—§+V-T+<u"€u”i%>, (38)

0 V4 l 2\ _ prr_ 77 //[ /”a~i
((% @ )<2u >_p £74Y.T < )9

respectively. Here, f’, g, V- T are the production, dissipation, and
transport rates of the coherent fluctuation energy, and P”’, &”, and
V - T’ are the incoherent counterparts. All these terms are in the
same form as the equation of the total fluctuation energy (u’2)/2.
Their detailed expressions are given in Appendix B.

The final terms in (38) and (39) are originated from the double-
averaging procedure. The terms related to the coherent fluctuation
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shear, Vi:
—_— 6~i
Pp = <u”fu’”§> = —Pgr (40)

represents the production of the coherent energy Pg in (38) and
that of incoherent energy —Pg~ in (39) due to the shear of the
coherent fluctuation. The energy transfer between the coherent- and
incoherent-fluctuation energies, (@2)/2 and (u’’%)/2, is attributed to
these production rates Pz and Pk

The internal transfer term mediated by the dispersion stress u’u”
always show up when we decompose a field quantity as in (27). Ex-
ploring the properties of transfer production terms Pg and Pk, we
understand what mechanisms determine the evolution of the coherent
fluctuations. For the same shear structure of the coherent velocity,
variations of the coherent and incoherent components of energy is
opposite to each other. A decrease of incoherent or random fluctua-
tion energy leads to an increase of the coherent fluctuation energy,
and vice versa. As will be seen in the following sections, this energy
transfer between the coherent and incoherent fluctuations coupled
with the non-equilibrium effect associated with plume motions is ex-
pected to contribute to the enhancement of turbulent transport beyond
the usual local gradient-diffusion approximation models.

5 MODELLING CONVECTIVE TURBULENCE
5.1 Non-equilibrium effect

In the convective turbulent flows, not only the turbulent transport
due to the usual eddy or random/incoherent fluctuation but also the
transport due to the structural/coherent fluctuation plays a key role.
In the presence of plume structures, effective transports of the mass,
momentum, and energy are greatly enhanced, compared to the case
without the plume structures or to the case with the structures rapidly
disappearing. Therefore, how to incorporate the effects of coherent
fluctuations such as plumes is of primary importance in modelling
the convective turbulent flows.

In the K —& model, one of the most widely used Reynolds-averaged
turbulence models, the eddy viscosity is expressed as

2
viE =G, (1)
&

where C,, is the model constant, K is the turbulent kinetic energy
defined by (19), and ¢ is its dissipation rate defined by (20). They are
the two one-point turbulent statistical quantities chosen to describe
the dynamic and statistical properties of turbulent fields. The eddy-
viscosity model (41) is very simple and useful, but is known to
have several drawbacks. One is the overestimate of K and & when
applied to the homogeneous shear turbulence. In order to alleviate
such a drawback, various ways for improving the model (41) have
been proposed. The non-equilibrium effect is one of such methods
and is expected to be valid in deriving the turbulent transport that
deviates from the simple eddy-viscosity representation (Yoshizawa
& Nisizima 1993).

With the aid of the multiple-scale renormalisation perturbation
expansion (Yoshizawa 1984; Yokoi 2020), the turbulent energy with
the non-equilibrium effect implemented is expressed as

_ 4/3De 1/3 D{c
3/25/ > CK381/3€C/ o

where {c is the scale of the largest eddy, Cx,, (n = 1 — 3) are
the model constants, and the Lagrangian derivative along the mean

K =Cx1623¢° — Cxae . (42)
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velocity U(= (u)) is defined as

D 9
Z =24 UV 43
Dt at+U “3)

We solve (42) by iteration. The lowest-order expression is
K =Cx12P¢, (44)
leading to {c as
lc=Cpk3 2! (45)

(Cp1: model constant). This corresponds to the simplest eddy-
viscosity expression. Substituting (45) into (42), and using the it-
eration, we have

DK D
te=CpK32e !+ C52K3/28_2E - 0531(5/28—31)—? (46)

(Cyo and Cp3: model constants). The second and third terms in (46)
represent the non-equilibrium effect. Equation (46) can be approxi-
mated as

1 D K?
lc=0g|1-Ch———], 47
C E( NgD: & ) @7
where (g is the equilibrium length scale defined by
e = K3?/e 48)

(CI’\I: model constant). It follows from (47) that the time scale of
turbulence is expressed as

INE
™ = N5 e (1-cr). (49)
where the non-equilibrium correction factor I" is defined by
1 D K?
r- 1D K (50)
KDt ¢

which can be either positive or negative. Here, 7 is the equilibrium
time scale defined by

_— (51)
€

As we see from (47) and (49), the non-equilibrium effect can be rep-

resented by the variation of the turbulent energy K and its dissipation

rate & along the fluid motion. From (49), the turbulent viscosity is

expressed as

VTE (1 + CNF)_I for T'>0,
vr = (52)
vrg (1 — CNDD) for T'<O,

where vTg is the equilibrium eddy viscosity without the non-
equilibrium effect related to I" (Cy: model constant).

Expression (52) implies that in case that the time variation of
the turbulent energy K and its dissipation rate £ vary along the
mean flow, namely in the case of non-equilibrium turbulence, the
effective turbulent viscosity vt may deviate from its equilibrium
value. Equation (52) shows that the effective viscosity is suppressed
if I' > 0 or equivalently D(K2/e)/Dt = D(Kt)/Dt > 0 with the
time scale 7 = K /¢, and that vt is enhanced if I" < 0 or equivalently
D(K?%/e)/Dt = D(K7)/Dt < 0.

Actually, it was established by recent experiments with single-
phase fluid jets and with two-phase fluid buoyant bubble plumes and
negatively buoyant particle plumes that the turbulent kinetic energy
K and its dissipation rate € vary along the plume and jet stream
direction (Bordoloi, et al. 2020; Charonko & Prestridge 2017; Lai
& Socolofsky 2019a,b). For instance, in the round jet experiment, it

was reported that the ratio of the axial fluctuation intensity W) to
the root of the dissipation rate, /e, showed a decreasing tendency
with the axial or streamwise direction (Lai & Socolofsky 2019a). In
this case, since the non-equilibrium contribution I" in (50) is nega-
tive, D (K 2/g)/Drt < 0, it is anticipated from (52) that the turbulent
viscosity will be effectively enhanced. This matches the requirement
for improving the current turbulence model by adjusting the model
constants. For another example, in the buoyant bubble plume experi-
ment, it was reported that the turbulent energy is increased along the
ascending bubble motion. This tendency is much more dominant in
the adjustment region, where the non-equilibrium property is much
more prominent, than in the asymptotic region (Lai & Socolofsky
2019b). In another experiment, the turbulent energy is reported to be
enhanced in the direction of the negatively buoyant particle plume,
while the energy dissipation does not show significant changes (Bor-
doloi, et al. 2020). In these two cases of the buoyant bubble plume and
negatively buoyant particle plume, D (K2 /g)/Dt is positive, so the
turbulent viscosity is expected to be reduced by the non-equilibrium
effect. As we see from these jet and plume experiments, the inhomo-
geneities of the turbulent kinetic energy and its dissipation rate along
the flow direction may lead to a significant alteration of the turbulent
transport coefficients due to the non-equilibrium effect.

5.2 Modelling plume with double averaging

For the sake of simplicity of argument, we further assume that the
non-equilibrium property along a flow for the energy dissipation
rate ¢ is much smaller than the counterpart on the turbulent energy
K(= (u’2)/2) in the sense
1 De 1 DK

—— < =

e Dt K Dt

Under this condition, the non-equilibrium eddy viscosity (52) is
approximately expressed as

(53)

VNE=VE(1—CNé%)=VE(1—CN%%), (54)
where 7 is the eddy turn-over time, and Cy the model constant.
Inequality (53) does not necessarily meet the flow conditions in all
the real turbulence cases. However, we adopt (54) as a starting point,
since the estimate of dissipation rate in practical flows is often much
harder than that of the turbulent energy.

With the analogy of the non-equilibrium effect on the Reynolds
stress in the ensemble- or space-averaging procedure, (54), the tur-
bulent mass flux p’’u’/ in the time-averaging procedure may be
modelled as

YR
1—c”r”%D_k
k" Dt

1! —
u’ = KE

o Vp, (55)

where K]'E, is the equilibrium effective diffusivity due to the random
or incoherent fluctuations, C’’ the model constant, 7’/ the time scale
of the incoherent fluctuation, D/Dt(= §/dt +u - V) the Lagrange or
material derivative along the time-averaged velocity u, and k”’ the
time-averaged turbulent energy of the incoherent fluctuation defined
by

K =w?)2. (56)

By a similar analogy, the dispersion turbulent mass flux 5@ may be
modelled as

banl

— 1
pi=—kg [1-Ci==|Vp, (57)

§|| o]

=
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In relation to Egs. (27) and (29), the total time-averaged turbulent
energy is defined by

k =u2)2. (58)

If we assume that the coherent and incoherent fluctuations have no
correlation in time: fg”/ = 0, the total turbulent energy and the
coherent and incoherent fluctuation energies are related to each other
as

k=k+k”, (592)
or equivalently,
w2 =2+, (59b)

In the time—space double averaging procedure, the turbulent mass
flux (p'u’)(= <p’u’>) is divided into the contribution from the co-

herent fluctuations and the incoherent ones. Assuming that each con-
tribution to the turbulent mass flux is expressed as (55) and (57), we
can write the turbulent mass flux as

)= )
=- </zE 1- éféDT“) v,3>

w2 Dt
’”
_ <E

The first or unity-related part in the parentheses of each of these two
terms gives the usual eddy diffusivity contribution to the turbulent
mass flux. They represent the equilibrium effect in the turbulent mass
flux and are written as

(p'0)g = KV (7). (©1)

where kg = kg +/<1’5’ is the equilibrium turbulent eddy diffusivity. The

RN
ll”z Dt

V,6> ) (60)

rest parts of two terms of Eq. (60) or the D /Dt-related parts in the
parentheses represent the non-equilibrium effect. They are written as

_ _ 1 Du2 1 Du’2
<p’u’> = +(RECT= D V5 )+ K C"T — T Vp) . (62)
N ﬁ2 Dt u//2 Dt

According to the relation (31), the double-averaging procedure obeys

(f2) =N+ NR +2) = (H® + ([, (63)
(fgh) = () + N + D ((h) + h))
= (1Y@ Ry + (F)@R) + @(Fh) + (W) (fg) + (fgh). (64)

If the space average of the time average vanishes as {f) =0, we have
f={(f)+ f = f.Inthis case, (63) and (64) are reduced to

(fg) = (fg) = (f2), (65)

(fgh) = (fgh) = @)(Fh) + (h)(fg) + (f&h). (66)
For a convective flow in a closed symmetric system, the space-

averaged velocity will vanish ((u) = 0). In this case, the time average
of u is represented by the dispersion part of the velocity as

u=(u)+i=1i (67)
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With (65) and (66), the non-equilibrium correction to the eddy dif-
fusivity is written as
. |+ D&?
kN = +CKg ; __u +
w2 Dt

+(:"<T”2> <(% +i- V) W> +c"< T/; (% +ii- V)> <W>
u’’ u’’

el o s)7) e i (o))

_<(ﬁ.V)1¥>+C” <(ﬁ-V)lﬁ>. (68)

Tll
<u//2>
Here, the triple correlation terms of dispersion fluctuations have been
dropped. On the right-hand side of the second equality in (68), the
first and third terms represent how much the time-averaged coherent
and incoherent fluctuation energies change in time along the coherent
or plume motion @, respectively. These terms are important since they
directly reflect the non-equilibrium effect due to plume motions. On
the other hand, the second and fourth terms contain correlations of
the Lagrange derivatives along the coherent flow velocity @ with
the reciprocals of coherent and incoherent dissipation, respectively.
These terms are expected to be small as compared to the former terms.
Hence we dropped them in the second final line of (68). Finally, in
the final line of (68), the local time derivatives of the time averaged

kinetic energies, 6@/ ot and aﬁ/ 0t, are dropped since they are
expected to be much smaller than the advective derivatives, (ii- V)@
and (@1 - V)m.

In the time—space double averaging procedure, the space average
of the time-averaged turbulent energies are defined as

R =k = <¥> /2= <ﬁ2> /2, (69)
K" = (k") = (F) /2= <u"2> /2, (70)
K = (k) = <F> /2 = <u’2>/2. 1)

In (68), 7/(ii%) and 7”'/(u’”’2) correspond to the reciprocals of
dissipation rates of the coherent and incoherent fluctuation energies,
respectively as

§:<ﬁ2>/(2f) and s”:<u"2>/(2‘r”). (72)

We assume that the intensities of coherent and incoherent fluctu-
ations, (@2) and (u’”’2), are comparable to each other with (59) as

@) = @) = @W?)2. (73)

In this case, we approximate (68) as
-1 - 1 —
i =Co (@ Wa2)+ ¢ — (@ V)
28 2&”

zC’(é+$)<(ﬁ-V)uT2>, (74)

where the numerical factors are absorbed into the constant C’.
As the averaging time relation (24) suggests, the characteristic time
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for the coherent fluctuation, 7, is expected to be much longer than the
counterpart for the incoherent fluctuation, 7//. Under the condition of
(73), the dissipation rates of the coherent and incoherent fluctuations
may satisfy

~2
@) _(u
= Tl/
Then, (74) is reduced to

772
) =g". (75)

£ =

KN = éé <(ﬁ : wﬁ), (76)

which implies that the non-equilibrium correction is expressed by
the kinetic energy variation along the plume motion divided by the
coherent energy dissipation rate.

With the eddy-diffusivity expression (76), the turbulent mass flux
can be modelled as

() = —«E(l —c‘%<%’t‘>)wﬁ>

™

~ kg (1 e <(ﬁ-V)k>)V<ﬁ> 77

where &(= (%) /7) is the dissipation rate of the coherent fluctuation
energy, D/Dt(= /0t + 1 - V) is the Lagrange derivative along the
dispersion velocity @, and € is the model constant. Equation (77) im-
plies that the eddy diffusivity may change from its equilibrium value
due to the non-equilibrium effect. The eddy diffusivity is enhanced
or suppressed depending on the variation of kinetic energy along the
coherent motion of the flow.

5.3 Structure of the time—space double averaging model

In the turbulence modelling approach, turbulent fluxes (transports
due to unresolved motions) are expressed in terms of the mean or
resolved fields coupled with the turbulent transport coefficients. The
turbulent transport coefficients should be expressed by a few quanti-
ties that properly represent the statistical properties of the turbulence.
The simplest and most widely employed model for the transport co-
efficients is based on the mixing-length theory (MLT) approximation
of the turbulence characteristic length (Stix 2002). A more elaborate
modelling method is to adopt some appropriate turbulent statistical
quantities linked to the length and time scales of the turbulence, and
consider the evolution of the transport equations of the turbulent
statistical quantities. The turbulent kinetic energy and its dissipation
rate (or directly the eddy turn-over time) are representative turbulent
statistical quantities.

In the simplest gradient-diffusion approximation, the turbulent
mass flux (p’u’) is modelled as

(p'u’)y = —k1V{p), (78)

where the transport coefficient, the eddy diffusivity «T, is expressed
in a generic form in terms of the turbulent energy K = (u’2)/2 and
the eddy turn-over time 7 as

kr = F{r, K} = F{r, ')} (79)

In the formulation with the non-equilibrium effect, the generic form
includes the advection velocity (u) through the Lagrangian deriva-
tive. Then (79) is modified to

k1 = F{(u); 7, K} = F{(u);, (W)}, (80)

In the time—space double averaging procedure, the turbulent mass
flux (p’u’) has to be expressed in terms of the time-averaged quan-
tities and their space averages with the time-averaged fluctuation

velocity and its space average. Then, the generic form for the eddy
diffusivity with the non-equilibrium effect, xNg, may be written as

ane =7 {@, W, 7, K k) = 7 {@, 777 (w2) w2, 8D

where (u), u and 1@ are included for the Lagrangian derivatives. In
addition, the time scales of the incoherent and coherent fluctuations,
7’/ and 7, are included in (81). The turbulent flux is expressed by the
gradient of the space averaged field (?} coupled with the turbulent
transport coefficient. The transport coefficient is expressed in terms
of the space fluctuation fields, i.e., the random/incoherent fluctuation
£’ and the dispersive/coherent fluctuation f. In order to express the
turbulent transport coefficient, we need information on the coherent
fluctuation.

The time-averaged total turbulent energy consists of the time-
averaged coherent and incoherent fluctuation energies as (59), and
the total turbulent energy (71) consists of the coherent fluctuation
energy (69) and the incoherent fluctuation energy (70) as

K=K+K", (82a)
or equivalently
(w?) = (@) + (w7). (82b)

Noting (59) and (82), we see from (76) that the non-equilibrium eddy
diffusivity kNg is written as

T . -
l1-C;———T for I'p <0,
T<u/2> D] D

KNE = B 1 (83)
kg |1+ C-;;f‘p] for 'p >0,
(u'?)
with
fp= <(ﬁ : V)172>, (84)

where T is the time scale of the coherent fluctuation, and Cs is the
model constant. Again, we have put u = @1 in the Lagrangian deriva-
tive since (u) = 0. In (83) we adopt a simple Padé approximation in
order to avoid unphysical negative diffusivity.

Equation (83) implies that the non-equilibrium effect arising from
the variation along the coherent velocity motion @i will alter the
effective turbulent diffusivity kNg as compared with the equilibrium
counterpart Kg.

6 APPLICATION TO STELLAR CONVECTION

As was referred to in § 1, it has been argued that the surface cool-
ing and the resulting down-flowing plumes play an important role in
turbulent mixing, by altering the turbulence statistics in the stellar
convection zone (Spruit 1997; Cossette & Rast 2016). A turbulence
model with the simplest mixing-length theory (MLT) should be mod-
ified for such convective flows (Brandenburg 2016). In this section,
we apply the eddy-diffusivity expression with the non-equilibrium
effect in the time—space double averaging procedure, (83), to a stellar
convection problem.

We simulate stellar convection by solving the compressible hydro-
dynamic equations (1)-(3). Following the set-up mimicking a local
domain of the stellar convection zone in Cossette & Rast (2016), we
consider a computational domain in a rectangular box, where z is the
vertical coordinate, which directs upward from the bottom zy, to the
top surface zs (zp < z < zg). The acceleration of gravity is downward
or negative z direction. The horizontal coordinates are x and y, and
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Figure 2. Two-layer polytropic gas configuration. The surface layer (z; <
z < zg) and the lower layer (z, < z < z;) of the convection zone. In the local
model convection is driven by the weakly superadiabatic entropy gradient
across the full depth d of the convection zone (z, < z < zg) with the
polytropic index mg = m; = 1.495 (superadiabatic), while in the non-local
model convection is driven by cooling at the surface layer (z; < z < z;) with
mg = 1.495 (superadiabatic) and m; = 1.5 (marginally stable).

the horizontal boundaries are periodic. We adopt a set-up based on
the two-layer polytropic gas convection, where the upper portion of
the domain (z; < z < zg) is the surface layer and the lower portion
(zp < z < zj) is the residual layer (Fig. 2). In the present calcula-
tion, the upper 5% portion is set as the surface layer [z;/d = 0.95,
d(= zs — zp): full depth of the convection zone].

We assume a polytropic relation between the pressure and density
asp = pl*! /™ with the polytropic index m. In the adiabatic case, p =
p? with y(= Cp/Cy) being the ratio of the specific heat at constant
pressure Cp, to that at constant volume C,,. The hydrostatic balance
is also assumed for the equilibrium state. With these assumptions,
the spatial distributions of density p and pressure p are determined
by the specific internal energy e at the top surface. For the two-layer
polytropic gas model, we consider two cases. The first one is the
local model, where convection is driven by a weakly superadiabatic
(mg = mj = 1.495 < 1.5, mg: polytropic index at the top surface,
m;: polytropic index at the top of the residual layer) local entropy
gradient throughout the convection zone. The other one is the non-
local model, where convection is driven by a surface cooling, only
the vicinity of the surface (0.95 < z/d < 1) is superadiabatic. The
surface layer is convectively unstable with ms = 1.495 < 1.5, and
the lower residual layer (0 < z/d < 0.95) is marginally stable with
m; = 1.5.

The non-dimensional parameters in our simulation; the Prandtl
number is Pr ~ 1 and the Rayleigh number is Ra ~ 4.2 X 10°. The
density contrast between the bottom and top surface is py,/ps = 100
in both cases. In order to sustain the superadiabaticity at the surface
in the cooling-driven case, a Newtonian-cooling term is added in
the energy equation, following Cossette & Rast (2016). Details of
the numerical simulations including the set-up (the initial density
and pressure distributions, the values of physical parameters, etc.) as
well as the arguments on other turbulent fluxes, such as the turbulent
internal-energy flux (e’u’), are given in our paper IL

To see the qualitative differences between the local and non-local
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Figure 3. Entropy distributions in our direct numerical simulations (DNSs) for
the locally-driven case (a) and the non-locally driven case (b). The horizontal
cross-sections of the entropy fluctuation s’ (= s — (s)) at the top surface
(Top). In the non-locally- or cooling-driven case, the horizontal extension of
the cell structures is much more limited than the counterpart in the locally-
driven case. The vertical cross-sections of the entropy fluctuation s from the
horizontal mean (Bottom). In the non-locally driven case, the low entropy
down-flow or plume structures produced at the surface are prominent in the
upper region.

models, we show, in Figure 3, the convection profile for each model at
a quasi-steady state. The distributions of the entropy fluctuation, s’ (=
s — (s)), at the top surface layer (top panel) and the vertical cutting
plane (bottom panel) are demonstrated for the (a) local model and (b)
non-local model, where the angular brackets denotes the horizontal
average. The black tone corresponds to the downflow region with a
negative entropy fluctuation (i.e., negative buoyancy). There exist a
lot of downward plumes in the upper part of the convection zone in
the cooling-driven mode, while the local model shows less plumes
and the development of a larger convective structure.

6.1 Entropy-gradient driven local transport and cooling driven
non-local transport

According to direct numerical simulations (DNSs), the spatial profile
and amplitude of the turbulent mass flux (p’u’) are fairly different
between the entropy-gradiend-driven local mixing and the cooling-
driven non-local mixing (Fig. 4). If the convective motion is driven
by the weakly superadiabatic ambient state across the full depth of
the convection zone (locally-driven case), the turbulent mass flux
increases monotonically with the depth except in the vicinity of
the bottom of the convective zone (the dashed or “local” plot in
Fig. 4). On the other hand, if the convective motion is driven by the
superadiabatic state confined to the upper layer in the vicinity of the
surface (cooling- or non-locally-driven case), the turbulent mass flux
shows a strong peak at a shallow region near the surface (z ~ 0.94d),
then monotonically decreases with the depth except in the vicinity of
the bottom (the solid or “non-local” plot in Fig. 4). The amplitude
of the turbulent mass flux at z ~ 0.9 in the cooling-driven case is
about one order higher than that in the locally-driven case.

The gradient diffusion model with MLT is expressed as

A5
<PIM/Z>MLT ~ _chHp%, (85)

where vey = <(u’z)2> is the characteristic convective velocity, and
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Figure 4. Spatial profile of the turbulent mass flux {p’u’?) in our direct
numerical simulations (DNSs) for the locally- and non-locally driven cases.
In locally-driven case, the turbulent mass flux monotonically increases with
the depth except in the vicinity of the bottom of the convection zone. In the
non-locally- or cooling-driven case, the turbulent mass flux has a strong peak
in the near surface region, and monotonically decreases with the depth.
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Figure 5. Spatial profile of the gradient diffusion model with MLT. The
spatial distribution of the mean density gradient d (0 )/dz multiplied by the
characteristic convective velocity v., and the density scale height H, =
|dz/d1n{p)| is plotted.

H,, is the density scale height defined by
©)

_ | dz ’

P10 /02 [dIn(p)|
The spatial distribution of (85) is plotted in Fig. 5. Comparing Figs. 4
and 5, we see that the spatial profile of the gradient transport model
with MLT (85) (Fig. 5) is quite similar to that of (p’u’%) for the
locally-driven convection case in DNS (Fig. 4). Then, we see that the
spatial profile of the turbulent mass flux {p’u’} in the locally-driven
case can be readily described by the gradient-diffusion-type model
with a simple mixing-length theory (MLT) of the turbulent eddy
diffusivity «T.

In contrast to the locally-driven case, the spatial profile and large
amplitude of the turbulent mass flux in the cooling-driven or “non-
local” case cannot be reproduced by such a simple gradient-diffusion
type model. This is also the case for the turbulent internal-energy
flux {(e’u’). The turbulent transport cannot be properly reproduced
by a simple MLT model in the cooling-driven or “non-local” con-
vection. In the following, we address this problem with the aid of
a turbulence model with the plume effect incorporated through the
non-equilibrium effect.

(86)

6.2 Incoherent and coherent fluctuations

In the time—space double averaging procedure, the coherent velocity
fluctuation or dispersion 11 is given by

= — (). (87)

As was referred to in § 3.2, the value of the coherent fluctuation
sensitively depends on the window of time filtering or the averaging
time 7 in the definition of the time average (23). If the averaging
time 7 is much longer than a typical plume lifetime, the coherent
motions of plumes would be statistically cancelled out, and the mag-
nitude of the coherent velocity would be considerably reduced. For a
sufficiently long 7', the magnitude of the coherent fluctuation would
be negligible to the counterpart of the random or incoherent fluc-
tuation. In Fig. 6, the spatial distributions of the magnitude of the
coherent velocity fluctuation v/(i#2)2[= v/(#% — (#%))2] in the non-
locally- and locally-driven cases with varying the averaging time 7'
are presented. In the cooling-driven case (Top), the amplitude of the
coherent fluctuation with a short averaging time has an eminent peak
in the near surface region (z/d ~ 0.9). This peak position is the same
as that of the strong peak of the turbulent mass flux in the cooling-
driven case as was shown in Fig. 4. This implies that the spatial
distribution of the turbulent mass flux is determined by the coherent
component of the fluctuation, which represents the plume motion. As
T is set longer, the amplitude of |ii| becomes smaller. This decrease
tendency is most prominent in the shallow region where a large peak
of the coherent fluctuation is located in the non-locally driven case.

There as T increases, the large values of +/(ii%)2 decreases, eventu-
ally the spatial profile peaked in the shallow region disappears and
the spatial profile becomes more similar to the one in the locally-
driven case. This clearly shows that the prominent characteristics
of the non-locally- or cooling-driven convection motion, which are
directly related to the plume motion, can be described by the coher-
ent component of the fluctuating motion in the present time—space
double averaging procedure. Note that from the scaled convective
velocity v = 4/{(u%)2) ~ 0.01 and the scaled full depth of the con-
vective zone d = 1, the (maximum) lifetime of the plume might be
estimated as (d/2)/v* ~ 50, which corresponds to the number of
snapshots of 25. This suggests that we should set the averaging time
T < 25 (snapshots).

6.3 Modelling of the enhanced transport due to the plume
through the non-equilibrium effect

Considering the relevance of the coherent fluctuation in the non-
locally- or cooling-driven convection, we apply the non-equilibrium
eddy-diffusivity model to the turbulent mass flux in a stellar convec-
tion zone.

With the aid of the DNSs, we evaluate the non-equilibrium effect
associated with the coherent velocity, ((i - V)u’2), in (83). Figure 7
shows the spatial distribution of the non-equilibrium effect in the
non-locally or cooling driven cases with various averaging time 7.
In accordance with the results of the magnitude of the coherent
fluctuation presented in Fig. 6, the non-equilibrium effect associated
with the plume motion is prominent in the near surface region (z/d >
0.9) in the small T cases (I < 20). Because of the cooling at the
surface layer, the coherent velocity 1 is expected to be statistically
dominant in the downward direction (7* < 0). On the other hand,
the turbulent energy u’2 decreases in the downward direction as

Vu’? > 0. Then, the non-equilibrium effect is expected to be negative
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(a)Non-locally driven
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Figure 6. Spatial profile of the amplitude of the coherent fluctuations
V(@2)2[= \(@® = @%))?] in the non-locally-driven case (a) and locally-
driven case (b). The variations of the spatial profiles of /(i1%)? depending
on the averaging time 7' (7 = 10 — 300) are also shown in both cases.
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Figure 7. Spatial profile of the non-equilibrium effect along the coherent

fluctuation or dispersion velocity {(@ - V)w’2) in (83) with various averaging
time T (T = 10 — 160).

as
(i - V)u'2) = <(ﬁ26%) F> <0. (88)

It follows from (83) that the non-equilibrium eddy diffusivity kNg is
enhanced as compared to the equilibrium eddy diffusivity «g.
With the enhanced eddy diffusivity with the non-equilibrium effect
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included, kNEg (83), the turbulent mass flux is evaluated. The turbulent
mass flux (p’u’?) is given by

_ D
(p'u'z) = _KNE%7 (89)
z

where «ng is the eddy-diffusivity coefficient with the non-
equilibrium effect included as in (83).
In the present application, the non-equilibrium model is given as

KNE = KE

1-Cok @ v>u7>] (90)

with the equilibrium diffusivity «g being formulated by the mixing-
length theory expression

e =Cn(@?) " O

[H,: the density scale height defined by (86)] and Cz and Cry model
constants.

In the expression of the non-equilibrium model (90), we need to
evaluate the dissipation rate of the coherent fluctuation energy, &. In
this application, we express & in terms of the density of the ambient
fluid as

&= (p)f ©2)

with p being an appropriate index, whose value shall be evaluated
with the aid of the plume dynamics.

In Appendix C, it is shown that the vertical flux of the plume
energy can be expressed in terms of the buoyancy flux as in (C23).
This suggests that the dissipation rates of the coherent fluctuation, &,
can be estimated as
L@ @)’ B
CTE TR T ©9
where £, is the vertical length scale associated with the plume motion,
and b is the lateral extension length scale of the plume. We see from
(C11) that the lateral extension of the plume, b, is basically related
to the volume flux Q as

b2 « Q2. (94)
Using (C15) for the relationship between Q and B, we have

B
&~ o ~ B3, (95)
as one of the simplest approximations.
It follows from (C6) [or (C7)] that the dependency of the buoyancy
flux B on the ambient or environmental density p. is expressed as

B~ pe. (96)

With (95), this suggests that we can put p = 1/3 in (92). Thus,
we finally get a simple model expression of the non-equilibrium
turbulent diffusivity as

e =z [1- @7 (@ V)| 97)

with the model constant C. Of course, this result is on the basis of
crude approximations. So, the dependence of & on (o) in (92) might
be with a different positive p other than p = 1/3.

The spatial profile of the turbulent mass flux (p’u’Z) is presented
in Fig. 8. Here, (p’u’?) expressed by the non-equilibrium model
(89) with kNg given by (97) and the averaging time 7 = 20 (dashed)
should be compared with {p’u’?) obtained from the DNS (solid).

We see from Fig. 8 that the result of the present non-equilibrium
model basically agrees with the result of DNS. In particular, we can
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Figure 8. Spatial profiles of the turbulent mass flux (o’u’) in the non-locally-
driven case. The solid or “non-local” line represents the DNS result. The
dashed or “model” line represents the present model (89) with the averaging
time 7" = 20. The equilibrium eddy diffusivity is expressed by the mixing

—\1/2
length model kg = <(u’z)2> H,, (91), with the density scale height H,, =
(0)/(8(p)/dz) = dz/dIn(p), (86).

reproduce a peak in the shallow region (z/d ~ 0.9) and the general
decreasing tendency of the magnitude with the depth z, which cannot
be reproduced at all by using the eddy diffusivity «g with a simple
mixing-length model (91).

As was referred to in the final paragraph in § 2, in the self-consistent
turbulence model, the expressions of the turbulent coefficients should
be determined by the nonlinear dynamics of the mean and fluctuation
fields without resorting to the externally determined transport coeffi-
cients. However, in this work, for the sake of simplicity, the simplest
model expression based on the MLT approximation for the equilib-
rium eddy diffusivity kg (91) is employed. In this sense, the present
model is not fully self-consistent. It is possible to use the present
non-equilibrium formulation in a more elaborated framework such
as the K — ¢ model or the K — € model, where the equation of the
length-scale ¢ or the dissipation-rate & as well as the equation of the
turbulent energy will be employed to construct a closed system of
equations. Using such an elaborated self-consistent framework of the
turbulence model, without resorting to the MLT hypothesis, would
be an interesting subject for the next step.

7 CONCLUDING REMARKS

The effects of plume on the convective turbulent flux are incorporated
into a mean-field model through the non-equilibrium effect on the
transport coefficients. In order to extract the variation of turbulence
along a plume motion, a time—space double averaging procedure
is adopted. With this double averaging, the fluctuation is divided
into the coherent and incoherent components. The turbulent energy
conversions between the coherent and incoherent components are
examined with the aid of the evolution equations of both fluctuation
components. In this framework, the turbulent transport coefficients
are expressed in terms of time- and space-averaged turbulent ener-
gies.

Without introducing the time averaging procedure, the space or
ensemble average of the velocity just vanishes as (#*) = 0, so that
the non-equilibrium effect cannot be implemented into a mean-field
model in the simplest space or ensemble averaging framework. Us-
ing the mean velocity associated with a higher-order correlation such
as the variance (uzz)(z o2), the skewness (u?3)/co-3, the kurtosis

(u?*y /o4, etc. may be possible. In particular, one may consider that
the skewness is relevant for extracting the effects of plume since the
skewness reflects the lack of symmetry between down- and up-flows
associated with the descending and ascending plume motions. How-
ever, according to our DNSs (the results are not shown in this paper),
as long as the space or ensemble averaging is adopted, the non-
equilibrium effect due to the variation along the skewness-related
velocity is not localised in the shallow region, where the plume ef-
fect is predominant, but is broadly distributed in the full depth of
the convection zone. In this sense, the skewness is not so much rele-
vant to the non-equilibrium effect. Rather, we are required to use the
coherent velocity introduced by the time—space averaging.

The essential ingredients of the non-equilibrium effect are the
coherent fluctuating motion representing the plume, and the inho-
mogeneities of turbulence (turbulent energy and its dissipation rate)
along the coherent flow. By the non-equilibrium effect, the time and
length scales of turbulence are altered as compared with the counter-
parts in the equilibrium case, and the turbulent transport is enhanced
or suppressed depending on the properties of the variation along the
coherent motion.

This non-equilibrium model was applied to a stellar convection
driven by cooling at the surface layer to evaluate the turbulent fluxes.
The turbulent mass flux in the cooling-driven convection is charac-
terised by its enhanced and localised spatial distribution just below
the cooling surface. This property is marked contrast with the coun-
terpart in the convection locally driven by weakly superadiabatic am-
bient state across the full depth of the convective zone. This profile of
the cooling- or non-locally-driven convection cannot be reproduced
at all by the usual eddy-diffusivity model with MLT expression of
the turbulent transport coefficient.

With setting the averaging time 7 for the time average similar or
less than a typical estimated lifetime of plumes, we observe a large
amount of the coherent fluctuations, especially in the shallow do-
main. This indicates that plume motions can be detected as coherent
fluctuations in the time—space double averaging procedure.

The location of strong coherent motions coincides with the peak
position of the turbulent mass flux in the direct numerical simulations
(DNSs). This indicates that the non-equilibrium effect associated
with the variation along the plume motion is strongly related to the
enhancement of turbulent transport in the non-locally- or cooling-
driven convection.

With the non-equilibrium turbulence effect, the spatial distribution
of the turbulent mass flux was successfully reproduced by the present
transport model. This non-equilibrium model can also reproduce
the spatial distribution of the turbulent internal-energy flux in the
cooling-driven stellar turbulent convection. This point as well as the
details of numerical set-up (values of physical parameters, initial
distribution of pressure, density, etc.) and numerical results will be
reported in our Paper II.

In the present simulation, the turbulent mass flux predicted from
the non-equilibrium model is compared with the true turbulent mass
flux that is obtained from direct numerical simulation (DNS). This is
the so-called a priori test of turbulence model, where the true values
of the velocity and turbulent energy calculated by DNS are used. We
see from test that the present turbulence model with the effects of
plume incorporated through the non-equilibrium expression on the
turbulent transport works well in describing the turbulent transport in
the cooling-driven convection. It is expected that the non-equilibrium
turbulence model in the time—space double averaging procedure can
extend the scope of the simple mean-field turbulence modelling ap-
proach in the stellar convective turbulence.

As was referred to at the end of § 6, constructing a turbulence
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model by utilising the transport equations of the turbulent statistical
quantities such as the turbulent energy and its dissipation rate, K
and &, without resorting to the externally determined parameters (v,
H)), is desirable from the viewpoint of the self-consistency of the
turbulence model. On the other hand, a more simplified evaluation of
the local coherent velocity fluctuation, without resorting to the direct
numerical calculation of the coherent component of the velocity
fluctuation, is preferable from the practical viewpoint for applications
of the present model to a stellar convection. In the latter case, the
equation of each component of fluctuation energy, (B5) and (B6),
with the energy conversion between the coherent and incoherent
fluctuations, (40), should provide an important basis of the argument.
These explorations are left for interesting future studies.
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APPENDIX A: TURBULENT CORRELATIONS AND
EQUATIONS OF TURBULENT STATISTICAL
QUANTITIES

From the equations of the fluctuation fields (15)-(17), we obtain the
equations of turbulent statistical quantities. They are constituted by
those of

the turbulent energy:

DK si i OU" 1, e 1 ,, DU
— == — —(y-1)= Vp— = —
D = WS = (= D) VE -~ ('

1

+=(p'u')g—s+V- (—VT VK) , (A1)
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its dissipation rate:

De £ U
E =—Cgl K< & /j> - CeO (7 - 1) (e'u') -Vp
el U
Ceny 5 (P'U/>'E +Cs (p'u')g
—csz ek + V- ("—Tvg), (A2)
Og
and the density variance:
DK,
D—tp =-2(p'u’)-Vp - 2K,V-U-2(p'V-u') p. (A3)

In the mean-field equations (11)-(13) and the turbulent statistical
quantity equations (A1)-(A3), we have several turbulent correlations,
which include the turbulent mass flux, the Reynolds stress, the tur-
bulent internal-energy flux, etc. Their expressions are explored by
analysis of the fluctuation-field equations (15)-(17). On the basis of
theoretical analysis, the model expressions of the turbulent correla-
tions are given as

W u'p |= W'y - §<“’2>5U =-vSY, (Ad)
DU

(p’u/> = —KpVﬁ—KEVE—KDE, (AS)

(e'u’) =-—ngVE —n,Vp, (A6)
E2

(e'Veu') = —np1E -np2 =5, (A7)
I

’ ’ E 2y
(p’'Vu') = kg 5 — Kp1pP» (A3)

where ﬂg (= AY — ALLSJ /3) is the deviatoric or traceless part
of tensor A (Yokoi 2018a,b). In the presence of rotation and mag-
netic field, reflectional- or mirror-symmetry is broken. In such cases,
several kinds of helicities (kinetic helicity (velocity—vorticity corre-
lation), current helicity (magnetic-field—electric current correlation),
cross helicity (velocity—magnetic-field correlation), etc. show up in
the expressions of these turbulent correlations (Yokoi 2013).

In (A4)-(A8), vT, kp, KE, KD, NE, €tc. are the transport coeffi-
cients, whose analytical and model expressions are given below in
(A11)-(A20). Among these transport coefficients, the turbulent or
eddy viscosity vt in (A4), k, in (A5) and ng in (A6) are of primary
importance, since they are the coefficients for the gradient-transport
models.

On the basis of the theoretical expressions for the turbulent corre-
lations with the analytical expressions of the transport coefficients in
terms of the temporal and spectral integrals of the Green’s functions
and spectral functions, we construct a system of turbulence model
equations. The transport coefficients in (A4)-(A8) are modelled with
time scales associated with the Green’s functions, and one-point tur-
bulence statistical quantities related with the spectral functions. With
introducing the abbreviated form of the time and spectral integrals
as

Ip{A,B} = /dk/c;ﬂA(k;T, T1)B(k;T,711), (A9)

T T T
Dy {A(1>,B(2>,C(3),D(3>}=/dk kZ”/dTI /de/dTg,

X A(k;t,711)B(k;7,1)C(k;T,13)D(k; 10, 73), (A10)

the transport coefficients are expressed and modelled as

1
kp = 310 {Gp. 20us +Quc} = Cuprp(u’)/2, (A11)
1 1 < /2)
£ =30~ D=l {26us + Guc. Op} = Cer(y = Drup -
(A12)
_ <p’2>
Kp = —10 {2Gus + Guc.0p} = CunTup (A13)
p
1
T =15 (TI0{Gus, Qus} +310{Gys, Quc}
+310{Guc, Qus} +21p{Guc. Quc})
= Cyru(u'?)/2, (Al4)
1
£ = 310{Gg,20us + Quc} = Cpute(0?) /2, (A15)
1 1
o = _(7 - 1)210 {2GuS +Gye, Qe}
3 P
72
e
—C77p(7_ I)Tu< )
T, ‘r E? (p?
= Cpply— 1L 07 (A16)
Tp P p
ne1 = Ii{Gus — Gp, Quc} (A17)
ne2 = (y = DI{Guc, OQp}, (A18)
kg1 = (y = DL{Guc, Qp}s (A19)
ko1 = 11{Gp, Quc} (A20)

where in the indices S and C denote the solenoidal and compressible
components, respectively. In the final equality of (A16), use has been
made of the approximate relations:

e/ =~ —(y = 1)1 EVu (A21)
and
] ’
V' =——2 (A22)
T, P

Here we used time scales associated with the evolution of density,
velocity, and internal energy as

T T
7= / dr (G (kT 7)) = / i1\ Gy (k7. 71) (A23)

with s = (p, u, e).
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APPENDIX B: DERIVATION OF EVOLUTION
EQUATIONS OF THE COHERENT AND INCOHERENT
FLUCTUATION ENERGIES

We derive the evolution equation of the Reynolds stress from the
equation of the velocity fluctuation. In convective turbulence, the
compressibility effect represented by the density fluctuation p’,
which is connected to the mean density stratification V(p) and the
turbulent dilatation V - u’, plays an important role. In this sense, we
have to treat the compressible velocity fluctuation equation. However,
in order to focus on the effect of the double-averaging procedure,
we confine ourselves to the simplest solenoidal velocity fluctuation
equation in this Appendix B as

7 2i i ’

u N <u>[6‘u _ _u,€a<u> B iap'

ot oxt oxt  po Oxt
62u/i

- — (- W ) +V—. Bl

oxt ( ¢ ) oxloxt ®1)
An extension to the compressible case requires a cumbersome but
straightforward calculation. As for the velocity fluctuation equations
in the strongly compressible magnetohydrodynamic (MHD) case, the

reader is referred to Yokoi (2018a,b).

B1 Evolution equations of the coherent and incoherent
Reynolds stresses

We multiply #’/ on (B1) and take the time—space double averaging.
With considering the relations (31), we decompose a field quantity
as (27). Exchanging i and j and adding them, we obtain the equations
of the dispersion or coherent component and random or incoherent
component of the Reynolds stress. They are given as

( <u>f )<~’~f>

ﬁ(u) ﬁ(u)f

(@’ ~"> — (@ ~">

1 < aﬁ' di’ > <6u aﬁf>
—(p|—+—])-2v{——

£0 oxJ  Ox! Axt ax?t

0 0] fiN ol iy ol 0 i
+W(—<u uu>+(pu)6 + (pii! )6 +vﬁ(uu)

—  Aaql — j
wluturi di i — i
ox?t oxt

i <u”5u”"ﬂj +u”€u”fﬁi>, (B2)
X
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In each equation, the first and second terms represent the production
of the stress due to the mean velocity gradients. The third term is the
re-distribution due to the pressure—strain, and the fourth term repre-
sents the viscous dissipation. The fifth term represents the transport
expressed in the divergence form. The final three terms are terms
newly appeared due to the double averaging procedure. Among these
newly appeared terms, the first and second terms are production due
to the gradients of the coherent fluctuations, and the third term, ex-
pressed in the divergence form, is the transport term. The u’’u’’ in
these three terms are defined by

_ <u//iuuj>, (B4)

— M//iu//j

which is the dispersion part of the random/incoherent correlation,
defined by the time correlation of the random/incoherent fluctuations
with the space correlation part being subtracted.

B2 Evolution equations of the coherent and incoherent energies

Taking the contraction of i and j in (B2) and (B3), we obtain the evo-
lution equations of the coherent- and incoherent-fluctuation energies

as
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Equations (B5) and (B6) provide a clear picture on the property of
energy transfer in convective turbulence. The first term on the right-
hand-side of each of (B5) and (B6) represents the production of the
energy arising from the mean velocity shear, the second term is the
pressure—dilatation, which vanishes in the solenoidal case. The third
term is the dissipation rates due to the viscosity, and the fourth term
written in the divergence form is the transport rate representing the
flux through the boundary. All these terms are in the same form as
the equation of the total fluctuation energy (u’2)/2.

APPENDIX C: SIMPLE PLUME EQUATIONS

In this work, we regard plume motion as a coherent component of
fluctuations, whose statistical property is a key to evaluate the non-
equilibrium effect through & in (77). In order to evaluate the statistical
properties of coherent fluctuations, represented by the fluctuation en-
ergy, its dissipation rate, time and length scales, etc., we utilise an
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argument on the plume dynamics. In this Appendix C, following
Turner (1973) and Linden (2000), we present only some basics of
plume dynamics which are relevant to the evaluation of the coher-
ent fluctuation energy and its time and length scales. Hereafter, a
plume quantity f will be denoted as f with the tilde symbol being
suppressed.

We consider axisymmetric steady flow of an inviscid incompress-
ible fluid with no swirl. The velocity is written as u = (u", 0, u%)
in cylindrical coordinate (r, 6, z) with z being vertical. The flow is
governed by the continuity equation:

Z
%%rur+% =0, (Cn
and the equations of the radial and vertical velocity components, u”
and u%, as

ou” ou” 1 dp

T2 L yF =—-—2x C2

" or u 0z po Or €2
ou’ ou* 1 dp 0

T byt == —g—, C3

" ar u 0z po 0z gpo ©3)

where pg is a reference density, which can be represented by the
average density for the Boussinesq convection. In (C2)-(C3), the tur-
bulence correlation terms such as (u" u?), (u" u*), etc. were dropped
since their coupling with the fluctuating fields u", u?, etc. are ex-
pected to be negligibly small in the energy equation. Namely, this
approximation is not bad for treating energetics of fluctuating mo-
tions. In this sense, we can follow the “laminar” argument of the
plume dynamics based on (C1)-(C3).

There are some quantities that characterise dynamics of plume.
Among them, the volume flux Q, the momentum flux M, and the
buoyancy flux B are of primary importance. They are defined as

0= 27r‘/0 rutdr, (C4)

M = 271/ rufucdr, (C5)
0

B= 271'/0 rug ('%) dr, (Co)

where p is the density of plume and p, is the density of environment.
For a Boussinesq plume, the buoyancy flux B is conserved. In more
general unstratified fluid cases for the non-Boussinesq plume, the
flux of weight deficiency defined by

pB

PB o / ru?g (pe — p) dr (&)
8 0

is known to be conserved (Rooney & Linden 1996).
If we adopt the simplest possible “top-hat” profiles for velocity
and buoyancy, the volume and momentum fluxes are given as

0= 27r/0 ulrdr = nb*w, (C8)

M= 271/ w®)rdr = nb*w? (C9)
0

with % and b being the top-hat velocity and radius of the plume.
Conversely, the top-hat variables W and b are expressed in terms of
Q and M as

M

w=—,

C10
0 (C10)

_o
T2y

In order to abstract basic properties of plume dynamics, it is useful
to consider a cone-shaped self-similar plume originating from a point
source in a stationary ambient fluid. In such a self-similar plume, the
properties of plume depend on the buoyancy flux B and the height or
depth z only. Dimensional analysis shows at each height/depth, the
mean vertical velocity u%, the mean buoyancy g’[= (pe — p)/pol
and the mean radius of the plume b are given by

b= (C11)

u® = c, B33, (C12)
g,Egpep;p =Cng/3Z_5/3, (Cl?’)
b= pz, (C14)

respectively. Here, 8 is a dimensionless constant, and c; and cg are
dimensionless functions of the scaled radius r/b.

For a self-similar plume (C12)-(C14), the volume flux Q [defined
by (C4)] is given by

Q0 = ncp?BP3 (C15)

[co: dimensionless constant] (Linden 2000). This shows that the
volume flux Q increases with B and z due to the entrainment of
ambient fluid into the plume.

On the other hand, if we multiply (C3) by any power of the vertical
velocity, (u%)", and integrate across the plume with respect to r from
r =0 tor = oo, we have

o0 I’ Ju? 0 _
27r/ (u®)r (,[L_,_,fi) dr:27r/ (uz)"ugrdr.
0 or 0 £0

0z
(C16)
Noting that
ou* 1 0
zZ\n zyn+l
= — 17
() or n+18r(u) ’ (C17)
ou® 1 9
zZ\n zyn+l
_— = _— 1
() 0z n+16z(u) ’ (C18)

the left-hand-side of (C16) can be integrated by parts as
/ rur—(uz)anF — [rur (MZ)n+1] _ / (—rur) (uz)n+1dr
0 ar 0

0 ar

oo z
= —/ (_r_ﬁu )(uz)"+1dr.
0 0z

Here, use has been made of u* = 0 outside of the plume, and made
of the continuity equation (C1). Using (C19), (C16) is written as

i r(uz)"+2dr=27r/ (uz)"pe—pgrdr.
n+1dz Jo 0 £0

(C19)

(C20)

Note that the numerical factor in the present result in C20 is different
from the counterpart in Linden (2000).
Putting #n = 0 in (C20), we have

d o0 am ® e —
27r—/ r(u?)ldr= — = 27rg/ PeP g
dz Jo dz 0 PO

This suggests that the momentum flux M in the plume is changed by
the buoyancy force. Putting n = 1 in (C20), we have

d (o] (o] _
n—/ r(uz)3dr = 27rg/ uzp—e 'Drdr.
dz Jo 0 PO

(C21)

(C22)
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The vertical flux of kinetic energy is expressed as
d (o)

2r— / ru®(u?)*dr = 2B. (C23)
dz Jo

This shows that the vertical flux of the kinetic energy changes due to
the buoyancy flux B.

This paper has been typeset from a TEX/I&TEX file prepared by the author.
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